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Abstract

In this research, we primarily investigate two distinct methods for determining exact travelling wave solutions: The Modified
Simple Equation (MSE) method and The Generalized Kudryashov method (GKM). Using the MSE method, we determined the exact
travelling wave solution of the coupled (1+1) dimensional Broer-Kaup (BK) equation. Conversely, the generalized Kudryashov
method was employed to find the exact travelling wave solution of the omnipotent unsteady Kortweg-de Vries (KdV) equation and
its alternative, the Regularized Long Wave (RLW) equation. The solutions derived are constructed in three distinct classes:
hyperbolic function, trigonometric function, and rational function structures. The accuracy of these solutions was verified with
mathematical software like MAPLE. The results obtained confirm that both MSE and GKM are highly effective and valuable
mathematical tools for solving various types of nonlinear evolution equations (NLEES) in mathematical physic.

Keywords: Generalized Kudryashov Method (GKM); Modified Simple Equation Method (MSE); Nonlinear Evolution Equations
(NLEEsS); Exact Traveling Wave Solutions; Kortweg-de Vries (KdV) Equation; Regularized Long Wave (RLW) Equation; Coupled
(1+1) dimensional Broer-Kaup (BK) Equation.

1. Introduction

understand the underlying physical mechanisms and dynamic
behaviors. Several analytical methods have been developed for this
purpose, including the tanh-function [8, 19], extended tanh-
function, sine—cosine [20], Jacobi elliptic function [10, 23], F-
expansion [1, 22], exp—function [11], and Q-function methods [13].

Nonlinear evolution equations (NLEEsS) play a crucial role in
describing complex physical phenomena in fluid mechanics,
plasma physics, optical fibers, solid-state physics, and biology [1-
27]. Finding exact solutions of these equations is essential to
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Among them, the Q-function or Kudryashov method [28-33] is a
powerful algebraic approach for constructing exact traveling wave
solutions of high-order nonlinear equations. Another effective
approach is the modified simple equation (MSE) method [34-40],
introduced by Vitanov, which assumes that the solution can be
expressed as a polynomial in an auxiliary function satisfying
simpler equations like Bernoulli or Riccati.

In this work, the MSE method is applied to obtain exact analytical
solutions of a second-order nonlinear ordinary differential equation
(ODE). The results highlight the method’s efficiency, simplicity,
and capability in solving complex nonlinear problems with high
accuracy.

2. Preliminary
2.1 Wave

Wave is a pattern which generated in a medium when a
disturbance (caring energy) travel from one point to another
point with no transportation of particles that means particles only
vibrates about their mean position and only its energy which is
transported.

Example: Sound wave (only sound energy transfer), water wave
(only water energy transfers), string wave, spring wave etc.

2.2 Travelling wave

When a wave is start from a point in a medium and propagates in
all possible direction and never returns, then this type of wave is
called travelling wave. It is also called progressive wave. In this
wave, the wave amplitude is same for all the elements in the
medium and the amplitude is not dependent on the position of the
elements of that medium.

Example: Water wave: if the wave is travelling horizontally then
the vibration will be up and down, so it is travelling or
progressive wave.

2.3 Types of Travelling Wave Solutions

A travelling wave solution describes a stable waveform that moves
at a constant velocity without changing shape. It is obtained by
reducing a nonlinear evolution equation (NLEE) to an ordinary
differential equation (ODE) using the function

w(x,t) =w(A1),4A =Xx—Vvt, V is the wave velocity. This
transformation simplifies the analysis and enables exact solutions
through various methods. Travelling waves, such as solitons and

kinks, play vital roles in modeling phenomena like shallow water
waves, plasma motion, and optical pulses.

2.3.1Solitary waves and Solitons

Solitary waves are localized travelling waves travelling with
constant speeds and shape, asymptotically zero at large distances.
Solitons are special kinds of solitary waves. The soliton
solution is spatially localized solution, hence

W(A),W"(1) = to0 and W"(A1) >+ as 4 —>0.

Solitons have a remarkable soliton property in that it keeps its
identity upon interacting with other solitons (Figure 1).

Figure 1: Graph of a soliton solution
w(x,t) =1+sech?(x—t);-3< x,t <3.

2.3.2Periodic Solutions

Periodic solutions are travelling wave solutions that are periodic
such as COS(X —t) . The standard wave equation W,, = W,

gives periodic solutions. As stated before, because this standard
wave equation is linear, it admits D’Alembert solution, and
components can be superposed (Figure 2).

2.3.3Kink waves

Kink waves are travelling waves which rise or descend from one
asymptotic state to another. The kink solution approaches a
constant at infinity. The standard dissipative Burgers equation

Z, +172, =WZ,, Where W is the viscosity coefficient, is a

well-known equation that gives kink solutions (Figure 3).

Figure 2: Graph of a periodic solution
w(x,t) =cos(x—t);—7 < x,t<7.

Figure 3: Graph of a kink solution
w(x,t) =1+tanh(x —t);-5< x,t <15.
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2.3.4Peakons

Peakons are peaked solitary wave solutions. In this case, the
travelling wave solutions are smooth except for a peak at a
corner of its crest. Peakons are the points at which spatial
derivative changes sign so that peakons have a finite jump in first

derivative of the solution W(X,t). This means that peakons

have discontinuities in the x-derivative but both one-sided
derivatives exist and differ only by a sign. The peakons are

solitons retaining their shape and speed after interacting (Figure
4).

2.3.5Cuspons

Cuspons are other forms of solitons where solution exhibits cusps
at their crests. Unlike peakons where the derivatives at the peak
differ only by a sign, the derivatives at the jump of a cuspons
diverges (Figure 5).

Figure 4. Graph of a peakon solution

w(x,t) =1+ -5<x,t<5,

Figure 5. Graph of a cuspon solution

w(x,t)=e " —3<x t<3.

2.3.6 Compacton

Compacton is defined by solitary waves with the remarkable
soliton property that after colliding with other compactons, they
reemerge with the similar coherent shape. These particles like
wave’s shows elastic collision that are similar to the soliton
collision. The following below figure shows that a graph of
compacton (Figure 6).

Figure 6. Graph of compacton of
1

w(x,t) = cos? (x—t); 0< x,t < 2.

3. The
Method
In this part, we describe the main steps of the generalized

Kudryashov method for finding exact travelling wave solution of
NLEEs. To begin, consider the well-known Riccati equation:

dR(y)
dy

the Equation are as follows:

Generalized Kudryashov

=m+ R?(),Where R =R(y). The solutions of

Case1: Whenm <0 , the general solutions are

R, =—+v—m tanh(~— my),
R, = —/—m coth(~— my).
Case2: Whenm > 0, the general solutions are

R, = vm tan(~'my),
R, = —/m cot(+/my).

Case3: When m=0 , then the general solution is

Where, M is a real parameter.

Suppose that we have NLEEs of the form

T(w,w,w,,W,,.)=0xelt>0, ©6)

XX 1"

Where W= W(X,t) is an unknown function and T is a

polynomial in W and its various partial derivatives, in which the
highest-order derivatives and nonlinear terms are involved.

The main steps of generalized Kudryashov method are as follows:

First step: The traveling wave transformation
wW(X,t) =wW(y ), = k(X — wt) transforms Equation (6) into
an ordinary differential equation of the form

y(w,w,w"...) =0, %)

Where the prime indicates differentiation with respect to y .
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Second step:  Suppose that the solution of Equation (7) has the
following form:

> aR'®)
Wy)=5"—
SbRI)

j=0

where 8,(i=0,1,2,...,N) and bj(j=0,1,2,...,|\/|) are

constants to be calculated later such that &y # Oand by, # 0

and R =R(w) satisfies the well-known Riccati equation.

Third step: Determine the positive integer numbers N and M in
Equation (7) by using the homogeneous balance method between
the highest-order derivatives and the nonlinear terms of Equation

(6).

Final step: Substituting Equations (1) and (8) into Equation (7),
we obtain a polynomial in Ri_j(i, ]=012...)=0. In this
polynomial equating the coefficients of all terms of the same

powers of R to zero, we obtain a system of algebraic equations
that can be solve by using MAPLE and MATHEMATICA to

a,(1=012,..,N)and

M),a). Consequently, we obtain the exact

obtain the unknown parameters
b;(j=012,..,
solutions of Equation (6).

3.1 Applications

In this section, we will apply the generalized Kudryashov method
to construct the exact traveling wave solutions transmutable to the
solitary wave solutions for the following two NLEEs.

3.1.1 The Kortweg De-Vries Equation

Traveling wave transformation equation ¥ = g(X— wt)
transforms the KdV Equation

W, + A, +w,,, =0. ©)

oy oy
Where — =¢.1= d —
ere o g g an ot

Then we have, W, =

w
ot

"3

W, =W'Qg".

Into the following ordinary differential equation:

— oW + A’ + g*w” = 0.

Integrating Equation (6) with respect to i/ , we get
2

C—a)w+ﬁw7+g2w":0. (1)

Now, balancing nonlinear term W? and linear term W" .We get

N =M +2. setting M =1 yields, N =3.

Hence, Equation (5) gives

a,+aR+a,R*+a.R?
w(y) =2 TART . (12)
b, +bR

Substituting Equations (9) and (11) into Equation (12), we obtain a
polynomial of R ,(f =0,2,...). Equating the coefficients of

all terms of the same power of R to zero. We obtain a system of
algebraic equations. This system of equations yields the following
values for

o,8,,8;,8,,3,,b,,b,,H.

H < 16g‘m2—(u2‘ _ b0(8mgz—w)yal: bl(sng_w),aZ: 12ng2‘%_ 12blgzl
2p B B B B

Substituting the values of values for

@, 30,31,32,613,b0,b1, H and the general solutions of the

Riccati equation (1) into Equation (12), we obtain the following
traveling wave solutions of the KdV equation (1).

Case 1: When m < 0, we obtain the following exact traveling wave
solutions with some free parameters in terms of hyperbolic
function.

w(x,t) = a)_;mgz + 12292 tanh?(v— mg(x — at)), (13)

and w(x,t) =% iimg i + 12nﬂ1)g 2 coth?(V—mg(x - at)). 14

Case 2: When m > 0, we obtain the following exact traveling
wave solutions with some free parameters in terms of
trigonometric function.

w(x,t) = 8mg;— “_ 12292 tan’(Vmg(x—at)), (15)

8mg’ - 12mg*
p p

Case 3: When m=0, we obtain the following exact traveling
wave solution with some free parameters in terms of rational
function.

W(x,t)=— cot? (ymg(x - at)). (16)

12

WO = ey

3.1.2 Regularized Long Wave Equation

Traveling wave transformation equation i = g(X — wt)
transforms the

W, +w, + fw, —w,, =0 (18)

regularized long-wave equation:

oy

oy
Wh —=g0.1= d —=0.(-w)=—aq .
e g.l=g an it 0.(-0) = -y

Then we have,
o*w
xxt 8X26t ==

Into the following ordinary differential equation:

Copyright © ISRG Publishers. All rights Reserved.
DOI: 10.5281/zenodo.22869504




— oW + W + AW’ + gZow” = 0. (19)

Integrating Equation (1) with respect tow , we have
IB 2 2 " o__
D—(a)—l)W+EW +g°aow" =0. (20)

According to step 3, N =M + 2. Hence, M =1 vields
N=3.
Therefore, equation (14) gives

a, +a,R+a,R* +a,R*®

W = ,
W) b, + bR

(21)
Substituting Equation (21) into Equation (20), we obtain a
polynomial of, R" | (f =0,1,2,...) Equating the coefficients of

all terms of the same power of A to zero, we attain a system of
algebraic equation. This system of equations yields the following

values for a),ao,ai,az,ag,bo,bp D.

_(16g°'m’ -’ +20-1
20 ’
b, (8Mag” — w+1)
a,=— ,
p
__b1(8ma)gz—a)+1) . __12boa)g2

D=

a, 5

Substituting the values of values for
, ao,ai,az,ae,,bo,bl, D and the general solutions of the
Riccati equation (1) into Equation (16), we obtain the following
traveling wave solutions of the RLW equation (18).

Case 1: Whenm < 0, we obtain the following exact traveling
wave solutions with some free parameters in terms of hyperbolic
function.

w(x,t) = ol-8mg) -1 + L2amg* tanh?(V—mg(x- at)), 22)
g g

_ o(1-8mg?)
p

Case 2: When m >0, we obtain the following exact traveling
wave solutions with some free parameters in terms of
trigonometric function.

w(x,t)

_ 2
L 120);9 coth?(v-mg(x - at)). (23)

- a)(8mg;— )+1 120mg’ tan (g
w(x,t) = w(8mg;—1) t 120219] : cot?(Vmg(x - at)). (25)

Case 3: When m =0, we obtain the following exact traveling
wave solution with some free parameters in terms of rational
function.

W(X, X—at)),(24)

wo-1 120
B Bx-—wt)’

Graphical Representation

w(x,t) = (26)

Figure 1(a). Dark soliton shape of KdV equation
w=0=p=1and m=-0.150 (only shows the shape of
Equation (13)).

Figure 1(b). Corresponding 2D graph of figure 1for
w=0=f=1and m=-0.150, t =1 (only shows

Figure 2(a). Dark singular soliton solution of KdV equation
for = =K=1and m=-0.125 (only shows the
shape of Equation (14)).

the shape of Equation (13)).

-z o 2 4
x

2.3 107

-4, % 105 o

-6 = 107

—&. 3 107 -

-1.x10% 4

Figure 2(b). Corresponding 2D graph of figure 2 for
® = =k=1and m=-0.125,t =1.5 (only shows the
shape of Equation (14).
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Figure 3(a). Periodic shape of KdV equation for
M=w=f =1and K=5 (only the shape of Equation
(15)).

o

= 10°

.= 10% 4

.= 10% 4

.= 10% 4

.= 10% 4

= 10°

> 10°

-8. < 10% -

Figure 3(b). Corresponding 2D graph of figure 3 for

M=w=/=1and k=5t=1 (shape of Equation

Figure 4(a). Periodic shape of KdV equation for
M=w=/f=1and K=4 (only shows the shape of
Equation (16)).

(15)).

_ i}
-2, = 107

-4, = 10°
-6, x 107
-2, = 10° o
—1.3=10% o
—1.2 = 10%
—1.4 3 10% |

—1.6 = 10°

—1.8 = 10%

Figure 4(b). Corresponding 2D graph of figure 4 for
M=w=/Lf=1and k=4,t=-15 (only shows the
shape of Equation (16)

Figure 5(a). Dark singular soliton solution of KdV equation
for = =k=1and m =—0.150 (only shows the shape
of Equation (17))

-4 -2

Figure 5(b). Corresponding 2D graph of figure 5 for
®=f=1and t =1.5 (only shows the shape of Equation

(17)).

Figure 6(a). Dark soliton shape of regularized long-wave
equation for =g =/f=1and M=-3 (only shows the
shape of Equation (22)).

Figure 6(b). Corresponding 2D graph of figure 6 for
w=g=F=1m=-3,t=1 (only shows the shape of
Equation (22)).
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—2. = 10% o
—a. > 10% o
-6 = 10% o
—8. 3 10% o

—1. = 10% o
3 A7ZE
£ 6 2

—1.2 = 10% o

Figure 7(a). Dark singular soliton solution of regularized long
wave equation for @ ==k =1and m =—1 (only shows
the shape of Equation (23)).

Figure 7(b). Corresponding 2D graph of figure 7 for
o=pf=k=1and m=-1,t =1.2 (only shows the shape
of Equation (23)).

-1.x 107 o

—1.2 %107

Figure 8(a). Periodic shape of regularized long-wave equation
for @=M=/f=(=1(only shows the shape of Equation | Figure 8(b). Corresponding 2D graph of figure 8 for
0=M=f=0=1and t = —3 (shape of Equation (24)).

r T T 1
-10 -5 o 5 10
x

=500000

Figure 9(a). Periodic shape of regularized long-wave equation | Figure 9(b). Corresponding 2D graph of figure 9 for
for M=@= f =1and K =4 (only shows the shape of | M=w=f=1and k =4,t =—1.7 (only shows the
Equation (25)) shape of Equation (25)).

a 2 o

-2, = 10°
—4. =105 o
—fi. > 10%
-g. = 10%

—1. = 10%
2 3
4 5
f é
7 —12=10%

Figure 10(a). Dark singular soliton solution of regularized long | Figure 10(b). Corresponding 2D graph of figure 10 for
o0=f=k=1m=-125t=12

wave equation for o=p= k :1and (Eq. 26)).

(Equation (26)).
based on the assumptions that the exact solutions can be expressed
4. The MSE Method by a polynomial in y, such that Y/ =l//(W) satisfy in the

The Modified Simple Equation (MSE) method expresses exact equations of Bernoulli and Riccati which are well known nonlinear
solutions of nonlinear equations as polynomial forms involving an ordinary differential equations and their solutions can be expressed
auxiliary function or its derivative. this method [34, 35, 36, 37] is by elementary functions. Through this formulation, the MSE
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method provides a reliable and straightforward technique for
solving nonlinear ordinary differential equations (ODEs). It has
been effectively applied to models like the Sharma—Tasso—Olver,
generalized Korteweg—de Vries (KdV), and reaction—diffusion
equations. In the present study, the method is utilized to determine
exact analytical solutions of a second-order nonlinear ODE.

In this section we describe the MSE method for finding travelling
wave solution of the nonlinear evolution equations. Let us suppose
the nonlinear equation of two independent variables X and t is

given by A(W, W,, W,, W, ,W,,..) =0, @7)

Where W ( X,1) is an unknown function, A is a polynomial of
W (X,1) and its partial derivatives in which the highest order
derivative and the nonlinear terms are involved here. In the
following, we give the main steps of the modified simple equation
method:

In the starting combine the two independent variables X and t
into a compound variable

W =X—ot, let us assume that, W(y)=W(X,t) where
v =X—owt (28)

The travelling wave transformation Eq. (28) permits us to reduce
the Eq. (27) into the given ordinary differential equation (ODE):

A(w,w',w"w",...) =0, (29)

where A is a polynomial of W() and its derivative, while
2

W (y) = 3—; W () = :—Wuz, and so on.

Step 1: We assume that the solution of Eq. (29) can be presented
in the following form

n ?' (W)«
=D, D, (——
w(y) =D, +kZ::, (¢(W))

Where C, (K=12,...)are the arbitrary constant to be

(30)

determined, such that C, #0, and @(w) is an unknown

function to be determined later.

Step 2: In this step we determined the positive integer n come out
in Eqg. (30) by considering the homogeneous balance between the
highest order derivatives and the non-linear terms in the Eq. (29).

Step 3: we substitute Eq. (30) into (29) and then we account the
function @(). As a result of this substitution, we will get a

!
polynomial of ¢ (W) and its derivatives. In this polynomial, we
o)
equate the coefficients of the same power of ¢_i (w) to zero,
where 1> 0. This procedure yields a system of equations which

can be solved to find C,, #(w) and @'(y). Then the

substitution of the values of C, , #(y) and ¢'() into in Eq.

(30) complete the determination of exact solution of Eq.(27) .

4.1 Applications
The coupled (1+1) dimensional Broer—-Kaup (BK) equation

The BK equation describes the bi-directional propagation of long
wave in shallow water. Now we will bring to bear the MSE method
to find the exact solutions and then the solitary wave solutions to
the BK equation in the form,

W, =WW, +Z, —%WXX and z, = (WZ)X+%ZXX. (32)

Suppose that the traveling wave transformation equation be
w(y) =w(x,t),z(w) = z(X,t), where ¥ = X — ot (32)

The wave transformation (32) reduces Eq. in (31) into the
following ODEs

! ! ! l "
— oW —WW —2Z +§W =0 (33)

a)z'+(vvz)’+%z”:0 (34)

Now, integrating Eq. (33) and (34) with respect to ¥, and
neglecting the constant of integration we obtain,

—ow—-2wt —vatw o,
2 2
1,
a)z+(vvz)+§z =0.

l 2 l !
Eq. (35) becomes Z = —aW — EW + EW .
Substituting Eq. (37) into Eq. (36), we obtain
3 1 1
O*W+=ow® +=w* —=w" =0. (38)
2 2 4

Balancing the highest order derivative W" and nonlinear term W*
from Eq. (38), we obtain 3n = n+2, which gives n=1.

Therefore, Eq. (30) can be written as
w(y) =D, + D, (%) Where D, and D, are constants
W

to be determined such that, while is an unknown function to be
determined. It is problem-free to find that,

W= Dl{%" - (%)2}. )

w’ =D, (%m) -3D, (%) +2D, (%)3 (40)

w? =D,” +2D, Dl(%) + Df(%)z. (a1)

w® =D,’ +3D02D1(%) +3D,D,” (%)2 + Df(%)? @2)
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Now substituting the values of W, W?, W*,W" into Eq. (37) and Case-l: When D, =0,—2®w andD,=-1, also when

then equating the coefficients of ¢O,¢71,¢72,¢73 to zero, we D, =—® and D, =£1, Eq. (49) yields trivial solutions. So

respectively obtain, this case is discarded.

1 3

Case-11: When D, =0 and D, =1, putting the values of
=D, +ZwbD,’ + »’D, =0. 3) 0 1=~ PN
5 0 5 0 0

into Eq. (49) and then simplifying, so we will get,
h(x— ) + sinh( o(x - )
' 1 m 3 ' ' (x.f)=-20H0 5 o 5 } 50
©’Dyg' - 2 D" + > Dy’ Dy¢' + 3D, D' =0. (a4 d)=-2t {(H+4mR)cosh(m(x-m))-(H-40;R)si1m(m(x-m))’ )

3 3 3 We can freely choose the constants H andR . Therefore,
2 2
Ea)Dl (¢')2 + > D,D, (¢5’)2 + 2 D,¢'¢" =0. (@5) substituting the value of G, M and then setting H = 4®” and
R =1, Eq. (50) reduces to

% D,’ (4"’ —% D,(¢)° =0. (46) w; (x,t) = o(tanh(w(x — wt)) —1) (51)

Substituting Eq. (51) into Eq. (38), we obtain
Solving Eq. (43), we obtain Dy =0,—®,—2w. 5 X
z,(x,t) = o" sech”(o(x — at)).

lving Eq. (4 i ==1,si . .
Solving Eq. (46), we obtain D; 1,since D, # 0 Again, if we set and, Eq. (50) reduces to

Solving Eq. (44) and (45), we obtain W, (x,1) = w(coth(w(x — wt)) —1)

¢'(y) = GH exp(GMy). @7

Integrating, Eq. (46) with respect toy , we get

$y) =~ (H exp(GMy) + MR). )

Substituting Eq. (53) into Eq. (38), we obtain
Z,(x,t) = —w” cosech?(w(x — at)). (54)

Case- I1l: When D, =—2@ and D, =1, we obtain same

) ) 1 results included in Eq. (51)-(54).
Where M =4@* +6D,” +12D,,G=———— _ _
2D,(w+ Dy) 4.1.1Graphical Representation

and A, B are constants of integration. In this section, we will discuss about the nature and the shape of

Substituting the values of and into Eq. (39), we obtain the figure of the above equations 51-54 of the above Case-Il.

following exact solution i.e.

W(x,t) = D, + D MGH exp(GM (x — at))
’ " T'Hexp(GM (x—at)) + MR’

(49)

~1.4 -
-16
-1.8 A

e

3]

Figure 6(b): Corresponding 2D graph of figure 1 for 0 =1 and
Figure 6(a): Shape of the equation (51) for @ =1 and in the -3< X,t =1.
interval —3< X, 1 <3,
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Figure 7(a): The shape of equation (52) for @ =1 and
—4<xt1<4,

Figure 7(b): Corresponding 2D graph of figure 2 for @ =1
and —3< X,t =15,

Figure 8(a): The shape of equation (53) for
w=1land -5< X 1<5.

—-Z00 -
Figure 8(b): Corresponding 2D graph of figure 3
for w=1and —3< X,t=3.

Figure 9(a): The shape of equation (54) for « =1 and
-5<xt<5.

-100000

Figure 9(b): Corresponding 2D graph of figure 4 for
w=1land —5< X, t=1.4.

5. Results and Discussion

We investigated the travelling wave solutions of KdV equations
and its alternatives by using Generalized Kudryashov methods.
Three basic types of wave solutions, such as dark solitons shape,
singular soliton solution shape and periodic soliton solutions shape

were found. For a specific value of the parameter (@ = 1) the
solutions of the RLW equation coincide with those of the KdV
equation. The obtained KdV solutions exhibit different wave
patterns depending on parameter values: when certain conditions
are met, solitary waves appear, while other parameter choices
produce plane periodic travelling waves. By selecting suitable
parameter values, solitary wave structures can be derived from the
general travelling wave solutions. Several figures are presented to
illustrate these solitary waves and to visualize the fundamental
behavior of the original equation. Finally, for solving the coupled
(1+1) dimensional Broer—Kaup (BK) equation by using MSE
method we have generated from equation (51) represents the kink
soliton, which transitions smoothly between two asymptotic states

and is known as a topological solution. Figure 6 illustrates this
behavior, showing that the wave approaches a constant value at
infinity. Equation (52) describes a bell-shaped soliton, a non-
topological solution with multiple oscillatory wings, as shown in
Figure 7 (for @ =1and the interval — 4 < X, t < 4). Equations
(53) and (54) vyield singular soliton solutions, special solitary
waves lacking a defined midpoint, often associated with rogue
wave phenomena, as depicted in Figures 8 and 9 (for @ =1and

the interval —5 < X,t < 5). Moreover, the results indicate that

for positive wave velocity, the disturbance moves in the positive x-
direction, while for negative velocity, it propagates in the opposite
direction.

6. Conclusion

In this research work, we have mainly focused on the new exact
travelling wave solutions of nonlinear evolution equations
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(NLEEs) are obtained using the Modified Simple Equation (MSE)
method and the Generalized Kudryashov Method (GKM) with the
help of mathematical software such as MAPLE. The MSE method
is applied to the coupled (1+1)-dimensional Broer—Kaup (BK)
equation, while the GKM is used to derive solutions for the
omnipotent unsteady Korteweg-de Vries (KdV) equation and its
variant, the Regularized Long Wave (RLW) equation. The research
presents exact solutions expressed in three functional forms—
hyperbolic, trigonometric, and rational and includes both 2D and
3D graphical representations of selected results. The findings
demonstrate that these methods are powerful and reliable analytical
tools for determining exact solutions of various NLEEs in
nonlinear science, efficiently implemented using MAPLE.

7. References

1. M.A. Abdou, The extended F-expansion method and its
application for a class of nonlinear evolution equations,
Chaos Solitons Fractals, 31:95-104, 2007.

A. Biswas, Temporal 1-soliton solution of the complex
Ginzburg-Landau equation with power law nonlinearity,
Progress in Electromagnetics Research, 96:1-7, 2009.

A. Biswas, 1-soliton solution of the K (m, n) equation
with generalized evolution and time-dependent damping
and dispersion, Comput. Math. Appl., 59 (8):2538-2542,
2010.

A. Biswas, K. Khan, A. Rahman, A. Yildirim, T. Hayat,
O.M. Aldossary, Bright and dark optical solitons in
birefringent fibers with Hamiltonian perturbations and
Kerr law nonlinearity, J. Optoelectron. Adv. Mater., 14
(7):571-576, 2012.

A. Biswas, D. Milovic, A. Ranasinghe, Solitary waves of
Boussinesq equation in a power law media, Commun.
Nonlinear Sci. Numer. Simul., 14 (11):3738-3742, 2009.

A. Biswas, D. Milovic, M. Savescu, M.F. Mahmood,
K.R. Khan, R. Kohl, Optical solitons perturbation in
nanofibers with improved nonlinear Schrédinger’s
equation by semi-inverse variational principle, J.
Nonlinear Opt. Phys. Mater., 12 (4):1250054, 2012.

A. Biswas, C. Zony, E. Zerrad, Soliton perturbation
theory for the quadratic nonlinear Klein—Gordon
equation, Appl. Math. Comput., 203 (1):153-156, 2008.

S.A. EI-Wakil, M.A. Abdou, New exact travelling wave
solutions using modified extended tanh-function method,
Chaos Solitons Fractals, 31:840-852, 2007.

A.L. Fabian, R. Kohl, A. Biswas, Perturbation of
topological solitons due to Sine-Gordon equation and its
type, Commun. Nonlinear Sci. Numer. Simul., 14
(4):1227-1244, 20009.

E. Fan, J. Zhang, Applications of the Jacobi elliptic
function method to special-type nonlinear equations,
Phys. Lett. A, 305:383-392, 2002.

. JH. He, X.H. Wu, Exp-function method for nonlinear
wave equations, Chaos Solitons Fractals, 30:700-708,
2006.

K.R. Khan, M.F. Mahmood, A. Biswas, Coherent super
continuum generation in photonic crystal fibers at visible

and near infrared wavelengths, IEEE J. Sel. Top.
Quantum Electron., 20(5):7500309, 2014.

. N.A. Kudryashov, A.S. Zakharchenko, A note on

solutions of the generalized Fisher equation, Appl. Math.
Lett., 32:53-56, 2014.

M. Mirzazadeh, M. Eslami, A. Biswas, Optical solitons
by Kudryashov’s method, Optik, 125 (23):6874-6880,
2014.

M. Savescu, K.R. Khan, R.W. Kohl, L. Moraru, A.
Yildirim, A. Biswas, Optical soliton perturbation with
improved  nonlinear  Schrédinger’s — equation in
nanofibers, J. Nanoelectron. Optoelectron., 8(2):208—
220, 2013.

M. Savescu, K.R. Khan, P. Naruka, H. Jafari, L. Moraru,
A. Biswas, Optical solitons in photonic nanowaveguides
with an improved nonlinear Schrodinger’s equation, J.
Comput. Theor. Nanosci., 10 (5):1182-1191, 2013.

. H. Triki, S. Crutcher, A. Yildirim, T. Hayat, O.M.

Aldossary, A. Biswas, Bright and dark solitons of the
modified complex Ginzburg-Landau equation with
parabolic and dual-power law nonlinearity, Romanian
Reports in Physics, 64(2):367-370, 2012.

M.L. Wang, J.L. Zhang, X.Z. Li, The (G'/G)-expansion
method and traveling wave solutions of nonlinear
evolution equations in mathematical physics, Phys. Lett.
A, 372:417-423, 2008.

. A.M. Wazwaz, A sine-cosine method for handling

nonlinear wave equations, Math. Comput. Modelling,
40:499-508, 2004.

. A.M. Wazwaz, The tanh method for travelling wave

solutions of nonlinear equations, Appl. Math. Comput.,
154:714-723, 2004.

. A.M. Wazwaz, The extended tanh method for abundant

solitary wave solutions of nonlinear wave equations,
Appl. Math. Comput., 187:1131-1142, 2007.

. J.L. Zhang, M.L. Wang, Y.M. Wang, Z.D. Fang, The

improved F-expansion method and its applications, Phys.
Lett. A, 350:103-109, 2006.

. X.Q. Zhao, H.Y. Zhi, H.Q. Zhang, Improved Jacobi

elliptic function method with symbolic computation to
construct new double-periodic  solutions for the
generalized Ito system, Chaos Solitons Fractals, 28:112—
126, 2006.

. Q. Zhou, Q. Zhu, A. Biswas, Optical solitons in

birefringent fibers with parabolic law nonlinearity, Opt.
Appl., 41(3):399-409, 2014.

. Q. Zhou, Q. Zhu, Y. Liu, P. Yao, A.H. Bhrawy, L.

Moraru, A. Biswas, Bright-dark combo optical solitons
with non-local nonlinearity in parabolic law medium,
Optoelectron. Adv. Mater. Rapid Commun., 8(9):837—
839, 2014.

. Q. Zhou, Q. Zhu, Y. Liu, H. Yu, P. Yao, A. Biswas,

Thirring optical solitons in birefringent fibers with
spatio-temporal dispersion and Kerr law nonlinearity,
Laser Phys., 25 (1):015402, 2015.

DOI: 10.5281/zenodo.22869504

Copyright © ISRG Publishers. All rights Reserved.




. Q. Zhou, Q. Zhu, L. Moraru, A. Biswas, Optical solitons
with spatially dependent coefficients by Lie symmetry,
Optoelectron. Adv. Mater. Rapid Commun., 8 (7):800—
803, 2014.

N.A.  Kudryashov, Exact soliton solutions of the
generalized evolution equation of wave dynamics, J.
Appl. Math. Mech., 52:361-365, 1988.

N.A. Kudryashov, Exact solutions of the generalized
Kuramoto-Sivashinsky equation, Phys. Lett. A, 147:287—
291, 1990.

N.A. Kudryashov, one method for finding exact solutions
of nonlinear differential equations, Commun. Nonlinear
Sci. Numer. Simul., 17:2248-2253, 2012.

H. Bulut, Y. Pandir, S.T. Demiray, Exact solutions of
time-fractional KdV equations by using generalized
Kudryashov method, International Journal of Modeling
and Optimization, 4 (4):315-320, 2014.

N.A. Kudryashov, On types of nonlinear nonintegrable
equations with exact solutions, Phys. Lett. A, 155:269—
275, 1991.

P.N. Ryabov, Exact solutions of the Kudryashov—
Sinelshchikov equation, Appl. Math.
Comput., 217:3585-3590, 2010.

. A.J. M Jawad, M. D Petkovic, A. Biswas, Appl. Math.
Comput., 217, 869 (2010).

E. M. E Zayed, Appl. Math. Comput. 218, 3962 (2011)

E.M. E Zayed, S.A Hoda Ibrahim, Chin. Phys. Lett., 29,
060201 (2012).

N. K Vitanov, Z.I Dimitrova, H. Kantz, Appl. Math.
Comput., 216, 2587 (2010).

N. K Vitanov, Commun. Nonlinear Sci. Numer. Simulat.,
16, 1176 (2011).

N. K Vitanov, Commun. Nonlinear Sci. Numer. Simulat.,
15, 2050 (2010).

N. K Vitanov, Z.I Dimitrova, Commun. Nonlinear Sci.
Numer. Simulat., 15, 2836 (2010).

Copyright © ISRG Publishers. All rights Reserved.
DOI: 10.5281/zenodo.22869504




